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Interpretation of frequency modulation atomic force microscopy in terms of fractional calculus
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It is widely recognized that small amplitude frequency modulation atomic force microscopy probes the
derivative of the interaction force between tip and sample. For large amplitudes, however, such a physical
connection is currently lacking, although it has been observed that the frequency shift presents a quantity
intermediate to the interaction force and energy for certain force laws. Here we prove that these observations
are a universal property of large amplitude frequency modulation atomic force microscopy, by establishing that
the frequency shift is proportional to the half-fractional integral of the force, regardless of the force law. This
finding indicates that frequency modulation atomic force microscopy can be interpreted as a fractional differ-
ential operator, where the order of the derivative/integral is dictated by the oscillation amplitude. We also
establish that the measured frequency shift varies systematically from a probe of the force gradient for small
oscillation amplitudes, through to the measurement of a quantity intermediate to the force and(#rergy
half-fractional integral of the forgefor large oscillation amplitudes. This has significant implications to mea-
surement sensitivity, since integrating the force will smooth its behavior, while differentiating it will enhance
variations. This highlights the importance in choice of oscillation amplitude when wishing to optimize the
sensitivity of force spectroscopy measurements to short-range interactions and consequently imaging with the
highest possible resolution.
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In dynamic mode atomic force microscopFM), the  the small amplitude limit. Interestingly, a number of workers
response of an oscillating cantilever to external forces ihave observed that in the large amplitude limit, the frequency
monitored. This approach has proven useful not only in im-shift is intermediate between the interaction force and
aging applicationd,but also in force spectroscopyOne ap- energy2~’ Indeed, it has been noted that the frequency shift
proach commonly used is to oscillate the cantilever at itscan be well approximated by a function proportional to the
resonant frequency and monitor any variation in the resonargquare root of the product of the force and energy, A&,
frequency resulting from an interaction force. For small os-« |F(2)E(z)|. However, this form is obtained empirically for
cillation amplitudes i.e., amplitudes much smaller than the specific force laws, rather than through rigorous mathemati-
characteristic length scale of the interaction force between tigal analysis. We now formally examine the behavior of the
and sample, it is well established that the change in resonaftequency shift as a function of oscillation amplitude, and in
frequency is proportional to the force gradient of interaction,so doing rigorously establish that, in the large amplitude

limit, the frequency shift is proportional to the half-fractional
Ao :_i%, (1) integral of the force. Thus, the observation that frequency
wes  2kdz shift is intermediate to the force and energy has a simple

wherek is the spring constant of the cantileves, is its explanation, and is. a universal property of large amplitude
frequency modulation AFM.

unperturbed resonant frequengin the absence of an . . .
P quenan y To begin, we note that the interaction force approaches

force), Aw is the change in resonant frequenEyis the in- : .
teraction force, and is the distance of closest approach be-Z€ro as the separation between the tip and sample approaches

tween tip and sample. Equatioh) is derived under the as- infinity. Therefore, we express the interaction forE€z)
sumption that the frequency shifiw is much smaller than COMPletely generally as
the unperturbed resonant frequenay, Recently, GiessiBl %
extended this simple result to the case of arbitrary ampli- F(2) :J A(N)exp(— Az)d\, (3)
tudes, under the same assumptiomef < w;eg 0

Aw 1 (* u where A(\) is formally the inverse Laplace transform of
e mak _lF(Z+ a(l+u) 1 _uzdu’ (2 F(2). substituting Eq(3) into Eq.(2), it can then be easily
shown that Eq(2) becomes

wherea is the amplitude of oscillation. Importantly, EL) .
is regovered from Eg2) in the limit of small amplitudes, as Aw _ if A TO@)exp- \2)d\, 4)
required. akJg

While providing a mathematical formalism for quantita-
tive force spectroscopy, E(R) does not provide an intuitive Where T(x)=1,(x)exp(—x), and I(x) is the modified Bessel
connection between the frequency shift and force, except faiunction of the first kind of orden.®
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Next, we note that the Riemann-Liouville fractional and energy is a universal property of large amplitude fre-

integraP of order « of a functiong(2) is given by quency modulation AFM.
- Finally, we examine the behavior of frequency modula-
1%p(2) = 1 (U —dt, (59  tion AFM for intermediate amplitudes. It is important to note
L)), -2 that taking thenth fractional derivative of the force laW(z)

with respect to separatianis formally equivalent to multi-
plying the integrand of Eq.3) by A*. Since the integrands of
=D d" [* @) Egs.(3) and(4) only differ by the functionT(x), it is then of
T(n— JZ mdt’ (5b) intrinsic interest to examine the local power law behavior of
T(x) in Eqg. (4), to determine the nature of the frequency
whereI'(@) is the gamma functiony >0 is any real positive shift. The local power law behavior of the functiof(x)
number, anch=[a]+1, where[a] is the integer component around any poink=x can be easily evaluated by matching
of a. Importantly, fractional derivatives/integrals give func- its value and first derivative to the expressidx)~c x4,
tionsintermediateto the results of full derivatives/integrals. wherec andd are local constants. This results in a unique

whereas the corresponding fractional derivative is

DD = r - a7

Consequently, from Eq$3) and (58 we find expression for the local power law behaviorTk),
” 1 X -
1Y2F(2) = f A(\)-=exp(— \2)d\. (6) g= U009 = 2109 +15(x) 10
0 VA 214(x) ,

However, in the limiting case where the functi@d)) is  which decreases monotonically froch=1 (for small x, or
localized in the region wherea»1, which corresponds small amplitude limit, corresponding to the full derivatjte
physically to the situation where the amplitude of oscillationd=-1/2 (for largex, or large amplitude limit, corresponding

a greatly exceeds the characteristic length scale of the inteko the half-fractional integral SinceT(x), or any function for
action forcex™! [see Eq(3)], T(\a)~1/v2m\a. Therefore, that matter, can be formally expressed as a piecewise sum of

Eq. (4) becomes its local power law behavior, it then follows that oscillation
o amplitudes intermediate to the small and large amplitude
Aw 1 1 A S . - -
— = A()\)?exq— A2)d\. 7 limits sample derivatives/integrals of fractional order inter-
wres  Ky2ma©Jo VA mediate to the full derivative and half-fractional integral.

Therefore, ifA(\) is localized in\-space, then the frequency
shift will be directly proportional to the fractional derivative
Ao 1 1126 (5) @ of the force, whose order is dictated by the local power-law
wres_ k\2ma® - 2), ) beha_vior of T(\a) in that region. For example, iA()\)_is
_ o _ localized ata=1.55/\, then the local power law behavior of
thus formally proving that the frequency shift is proportional T(\a) will be d=0 [from Eq. (10), sincex=Aa=1.55, and
to the half-fractional integral of the force. Reversing thisthe frequency shift will be directly proportional to the force.
definition then gives an explicit expression for the force inThis finding is consistent with the observation of Keal®

Comparing Eqs(6) and(7) then gives the required result

= 1pA0(2) intermediate case where the oscillation amplitude is compa-
F(2) = ky2ma®D: - (9 rable to the characteristic length scale of the force. Conse-
res quently, frequency modulation AFM can be interpreted as a

We note that Eqs(8) and (9) combined with Eqs(5a) and  fractional differential operator, where the order of
(5b) are identical to results obtained previously in the largedifferentiation/integration is dictated by the relative differ-
amplitude limit® Importantly, however, in this paper we ence between the amplitude of oscillation and the length
make the formal connection to the half-fractional integral ofscale of the interaction.

the force, and thus establish an intuitive physical relationship The findings of this study have significant implications for
between the frequency shift and the applied force, which isneasurements where force laws with different characteristic
complementary to the result for the small amplitude limit.length scales are measured simultaneously, as we shall now
Namely, in the large amplitude limit, the frequency shift is discuss.

proportional to the half-fractional integral of the force, or  Consider the case of an interaction involving both long-
equivalently, the half-fractional derivative of the energy.range(such as electrostaji@and short-rangésuch as chemi-
Since the energy is the full integral of the force, the findingcal bonding or solvationforces. If the oscillation amplitude
that the frequency shift is proportional to the half-integral ofis intermediate to the characteristic length scales of these two
the force then proves that the frequency shift presents #rce laws, then the short-range interaction will be half-
guantity intermediate to the force and energy, regardless dfitegrated while the long-range interaction will be differen-
the force law. This therefore explains the previous observatiated. This will lead to accentuation of variations in the
tion that the frequency shift is intermediate to the force andong-range force and smoothing in variations of the short-
the energy for specific force laws’ Furthermore, the find- range force, which in turn can enhance the effect of long-
ings of this paper establish that for all force laws, the obserrange interactions in the measured frequency shift. Impor-
vation that the frequency shift lies intermediate to the forcetantly, use of high aspect ratio tips to minimize the effects of
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long-range forces, which is common in practice, is not im-force gradient which corresponds to pure small amplitudes.
mune to this intrinsic property of frequency modulation While this feature presents no conceptual difficulty if E2).
AFM. The most important physical implication of this find- is formally inverted to recover the interaction fort%;? it

ing is that the experimentalist must either remove or signififesults in ambiguity in interpreting the frequency shift di-
cantly reduce long-range interactions by modifying the tip/"€ctly in a force measurement. Thus frequency shift measure-
samplefintervening medium, or must strive towards using"€nts made using frequency modulation AFM, where a

oscillation amplitudes which are significantly smaller than@nge of forces with different characteristic length scales are
the shortestinteraction length scale of interest present, as is often encountered in practice, must be inter-

We also note that this difference in sensitivity of short- preted with care.
range and long-range forces can complicate interpretation of This research was supported by Science Foundation Ire-
the resulting frequency shift in cases where the oscillationand Research Gran01/P1.2/C033, the Particulate Fluids
amplitude is intermediate to length scales of short- and longProcessing Center of the Australian Research Council and by
range forces. This is because the frequency shift will nahe Australian Research Council Grants Scheme. J.E.S. ac-
longer be intermediate to the force and energy, as is the cas@owledges the award of a SFI Walton Visitor Awaa2/W/
for pure large amplitudes, nor will it be proportional to the M280).
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